We study the maximally-helicity-violating (MHV) six-gluon scattering amplitude in planar N = 4 super-Yang-Mills theory at finite coupling when all three cross ratios are small. It exhibits a double logarithmic scaling in the cross ratios, controlled by a handful of "anomalous dimensions" that are functions of the coupling constant alone. Inspired by known seven-loop results at weak coupling and the integrability-based pentagon OPE, we present conjectures for the all-order resummation of these anomalous dimensions. At strong coupling, our predictions agree perfectly with the string theory analysis. Intriguingly, the simplest of these anomalous dimensions coincides with one describing the light-like limit of the octagon, namely the four-point function of large-charge BPS operators. arXiv:2001.05460v1 [hep-th] 
I. INTRODUCTION
The scattering of massless gluons in maximally supersymmetric gauge theory, N = 4 super-Yang-Mills theory (SYM), exhibits remarkable simplifications in the planar limit of a large number of colors. Scattering amplitudes for n gluons become dual to null polygonal Wilson loops [1] [2] [3] [4] [5] and consequently they depend essentially only on 3n − 15 dual conformal cross ratios [6, 7] , out of the 3n − 10 Mandelstam invariants. Powerful bootstrap techniques [8] [9] [10] [11] [12] allow the construction of the six-gluon maximally-helicity-violating (MHV) amplitude through seven loops, and the next-to-MHV amplitude through six loops [13] . Seven-point amplitudes have also been bootstrapped through four loops [14] [15] [16] at the level of the symbol [17] .
For generic values of the cross ratios, the perturbative results can be expressed in terms of generalized polylogarithms to all orders, but resumming the results into a finite-coupling expression remains challenging. In the near-collinear limit, a finite-coupling description is available, based on integrability and the pentagon operator product expansion (OPE) [18] [19] [20] [21] [22] [23] [24] [25] .
In this letter we will provide a (conjectural) finitecoupling description for another kinematical limit of the six-gluon MHV amplitude, where all three cross ratios become small. The "origin" is reached, roughly speaking, by taking three adjacent pairs of gluon momenta to be parallel (collinear) simultaneously. However, it is a Euclidean limit, which cannot be achieved for real Minkowski momenta. Our description of the amplitude at the origin is based on resumming the OPE for a gas * benjamin.basso@phys.ens.fr † lance@slac.stanford.edu ‡ georgios.papathanasiou@desy.de of gluonic flux-tube excitations. It involves a "tilted" version of the Beisert-Eden-Staudacher (BES) kernel entering the finite-coupling formula for the cusp anomalous dimension [26] . Different tilt angles generate different anomalous dimensions controlling logarithmicallyenhanced terms in the amplitude. Intriguingly, one of the anomalous dimensions also appears in the light-like limit of the octagon [27] [28] [29] [30] [31] [32] , a correlation function of four operators with large R charge. We also predict the nonlogarithmic term, as well as the coefficient ρ controlling a "cosmic" amplitude normalization [33] . More precisely, we consider the MHV amplitude normalized by the BDS-like ansatz [11, 12, 34, 35] , which remains finite as the dimensional regulator = 2− 1 2 D → 0, E(u i ) = lim →0 A 6 (s ij , ) A BDS-like 6 (s ij , ) = exp R 6 + 1 4 Γ cusp E (1) . (1) The notation and normalization (for now) follow ref. [12] , where Γ cusp is the cusp anomalous dimension, R 6 is the remainder function, and E (1) = 3 i=1 Li 2 (1 − 1/u i ) is the one-loop amplitude with Li 2 the dilogarithm. The normalized amplitude is a function of three cross ratios,
constructed from the Mandelstam invariants s i.
The logarithm of the amplitude E, or equivalently the remainder function R 6 , exhibits logarithmic scaling when all cross ratios → 0,
with u 4 ≡ u 1 and where Γ oct , Γ hex and C 0 are functions of the coupling constant g 2 = λ/(4π) 2 of the planar theory. This behavior was conjectured [35] to hold at any coupling on the diagonal u 1 = u 2 = u 3 , for a function 
, based on twoloop results in gauge theory and strong coupling behavior in string theory. The more general behavior (3) for unequal u i was observed through seven loops [13] , up to power corrections in the u i . Its structure is reminiscent of Sudakov double-logarithms.
II. WEAK COUPLING EVIDENCE
The first evidence for eq. (3) comes from weak coupling. The hexagon function bootstrap enables the analytic determination of R 6 through seven loops [8, 9, 12, 13, 36] , throughout the entire kinematical space. At the origin, the remainder function admits a simple representation, through at least seven loops [13] ,
in terms of the two symmetric quadratic polynomials in ln u i ,
There is no term linear in ln u i . Close to the origin, E (1) = − 1 2 i ln 2 u i − 3ζ 2 , and using eq. (1), one finds Γ oct = Γ cusp −16c 1 −8c 2 , Γ hex = Γ cusp −4c 1 +4c 2 , (6) and C 0 = c 0 − 3 4 ζ 2 Γ cusp . Perturbative results in Section 4.2 of ref. [13] yield the numbers in table I for the expansion in g 2 , truncated here to 5 loops due to space limitations, where ζ n = ζ(n) is the Riemann zeta function. Note that Γ oct has an expansion in powers of π 2 only (through 7 loops at least). Furthermore, it agrees with the exact [31] anomalous dimension controlling the light-like limit of the octagon [27] [28] [29] [30] ,
The other quantities are more complicated. Their perturbative expansions contain products of odd Riemann zeta values, much like the cusp anomalous dimension, which is recalled in the table.
III. PENTAGON OPE
Insight at higher loops is provided by the pentagon OPE [19] . It generates a systematic expansion of the amplitude around the collinear limit, u 2 → 0, u 1 + u 3 → 1, see fig. 1 . The collinear limit is τ → ∞ at fixed σ and ϕ with the parametrization
We can get to the origin by first considering the doublescaling limit where ϕ, τ are taken to be large, keeping their difference finite [22, 37] . The hyperbolic angle ϕ is conjugate to the helicity of the particles exchanged in the OPE channel, while τ is conjugate to their flux-tube energy or twist. As ϕ → ∞, the OPE is dominated by gluonic excitations, which have the highest helicity for a given twist. They form a family labelled by an integer a = 1, 2, . . ., and each carries a rapidity u for its energy E a (u) and momentum p a (u) (conjugate to σ).
The OPE is naturally expressed in terms of the framed Wilson-loop expectation value W 6 [18] , which is related to E by
The gluonic contributions to W 6 take the form,
k µ k k<l P kl P lk (10) where a = (a 1 , . . . , a N ) are positive integers and du = du 1 . . . du N with u k ∈ R. The total energy and momentum of the N -gluon flux-tube state are E = k E a k (u k ) and P = k p a k (u k ). The integrand is built out of the pentagon transitions P kl = P a k |a l (u k |u l ) and measures µ k = µ a k (u k ), which have been conjectured to all orders in the coupling constant [22] .
To get to the origin from the double-scaling limit, we must then take ϕ − τ → ∞. While this limit lies outside of the radius of convergence of the OPE series (10), we may nevertheless reach it by analytically continuing in the helicity a, and replacing the sum by a contour integral with the help of the Sommerfeld-Watson transform,
with ∈ (0, 1). Closing the contour around a = 0 on the left-hand side amounts to keeping the logarithmic terms at the origin. Take for illustration the one-loop N = 1 result [18, 38] ,
with E a = a+O(g 2 ) and p a = 2u+O(g 2 ). This integrand vanishes at a = 0. Nonetheless, the u-integral diverges as 1/a 2 owing to pinch singularities at u = ±ia/2. Accordingly, the dominant contribution is obtained by considering the residue around either one of these singularities, say the one at u = ia/2. Doing the u-integral around ia/2 and then the a-integral around 0, we get
in agreement with the one-loop result E (1) +2(σ 2 +τ 2 +ζ 2 ) close to the origin, u 1,3 ∼ e τ −ϕ±σ → 0, u 2 ∼ e −2τ → 0. The above analysis remains unchanged as we increase the loop order or particle number: The amplitude at the origin may be obtained to all loops as the contour integral of the OPE integrand first around u k = ia k /2, and then around a k = 0, for k = 1, . . . , N . Since N -particle states are suppressed as g 2N 2 , by restricting to N ≤ 2 and applying the techniques of [37, 39, 40] we indeed reproduce all existing data, and obtain new predictions at 8 loops.
At finite coupling, the pole at u = ia/2 is replaced by a square-root branch cut between ±2g + ia/2, and the recipe is to integrate u closely around this cut. Equivalently, we may bring the contour through the cut to the so-called Goldstone sheet [22, 41] , where the flux-tube ingredients greatly simplify, as we discuss next.
IV. A SECRETLY GAUSSIAN INTEGRAL
The key to resumming the OPE at finite coupling close to the origin lies in the structure of its integrand on the Goldstone sheet. Setting σ = τ = 0 for simplicity, it can be written as the product of a Cauchy determinant and a universal Gaussian dressing factor [22] ,
is the Zhukowski variable, and with the reduced measurê
, is a vector of higher conserved charges with components [42] 
and as the kernel (1+K) of the BES equation on the lower indices, with K and Q two infinite-dimensional matrices, with elements
where J i (z) is the i-th Bessel function of the first kind, and Q ij = j(−1) j+1 δ ij [20, 26, 43, 44] . As a result of this factorization, the gluonic contributions can be written concisely as an infinite-dimensional integral,
where ξ is a vector of variables conjugate to the charges (16) and where N is the normalization factor,
up to an irrelevant coupling independent factor. The integrand F ϕ is a Fredholm determinant which generates the prefactor in (14),
with x − N +1 = x − 1 and with the contour going closely around x − k = 0. This ingredient appears similar to the functional determinant representing the octagon correlator [29] . It differs in that it is not only a function of the cross ratios, but also of the infinite set of dummy variables ξ [45] . Dependence on the variables σ and τ is recovered by letting ϕ → ϕ − σ − τ in (21) and including the exponential factor
inside the integrand in (19) . Representation (19) can be evaluated at weak coupling after noticing that the charges Q i ∼ g i . One can thus Taylor expand the exponential in (21) 
. . , (23) with implicit sums over lower and upper indices; the coefficient at order L is ∼ g L or smaller. Extra simplification comes from the structure of the rapidity integrals, which cause the sum over N to truncate at N = L at L loops.
Quite remarkably, the series (23) is observed to truncate at large ϕ → ∞. Namely, generating expressions to higher loops, we observed that the expansion in ξ terminates at quadratic order, or, equivalently, that all moments of degree > 2 vanish at large ϕ,
The non-zero k-moments are found to be of degree 2 − k in ϕ. This truncation immediately implies the double logarithmic behavior of ln E at the origin. Furthermore, investigation of the non-zero moments led us to simple conjectures, outlined in Appendix A.
V. TILTED BES KERNEL
We can now spell out our finite coupling conjectures for the origin. Simplifying eqs. (A3) and (A4) in Appendix A, our results can all be encoded in terms of a tilted version of the BES kernel. To this end, let us partition K into four blocks, such that, after reshuffling lines and columns,
with K •• the odd-odd block, built out of overlaps of odd Bessel functions (J 2i−1 ), K •• the odd-even one, and so on. The tilted kernel is defined by
It reduces to the BES kernel (25) when α = π/4, that is K = K(π/4). Now, our former conjectures imply that the coefficients in (3) are given by
with α = 0, π/4 and π/3 for Γ oct , Γ cusp and Γ hex , respectively, where the subscript denotes the top left component of the semi-infinite matrix.
The constant C 0 is more complicated as it arises from the determinants of the quadratic forms in (A1). Using formulae for the determinants of block matrices, we get
where
These formulae can be verified easily at weak coupling, since the matrix elements K ij = O(g i+j ). (See e.g. Appendix A.2 in Ref. [22] for explicit expressions.) The inversion in (27) is done by expanding the geometric series in K(α). Through four loops we get
where c = cos α, s = sin α, and verify agreement with the numbers in table I using eq. (28). Higher loops are easily generated. We provide results through 25 loops in an ancillary file. From the growth rate of their perturbative coefficients, all these quantities appear to have same radius of convergence, g 2 c = 1/16, as Γ cusp [26] . The point α = 0 corresponds to the octagon [27] [28] [29] [30] .
Here the off-diagonal blocks of the BES kernel drop out,
and with them all zeta values with odd arguments, leaving only powers of π 2 . Nicely, in eq. (27) these can be resummed exactly [31] into eq. (7) for Γ oct , and similarly for the associated determinant,
which also appears in the light-like octagon [31] .
In Appendix B, we analyze the strong-coupling behavior. We provide four terms in the expansion of Γ α and two terms for D(α). Here we just give the first few terms for the new anomalous dimension,
with ψ 1 the first derivative of the digamma function. In fig. 2 , this result is compared with finite-coupling numerics, as well as the weak-coupling expansion. The agreement is excellent. We can also validate our formulae at strong coupling through comparison with string theory, as described in more detail in Appendix C. On the diagonal u = u 1 = u 2 = u 3 , the string-theoretic analysis yields [35, 46] (ln E(u, u, u))/Γ cusp = − 3 4π
at small u, up to power corrections. The coefficient of ln 2 u agrees perfectly with (3), using the exact formula (7) for Γ oct . The comparison for the constant is straightforward using formula (B11) and it perfectly reproduces the above result, including the sphere contribution [46] of +π/72. Off the diagonal the behavior is richer at strong coupling. Nonetheless following ref. [47] we can also confirm the leading strong coupling behavior of Γ hex in (34).
VI. COSMIC NORMALIZATION
At last, let us remark about the normalization of the amplitude. The subtraction of divergences in the amplitude leaves a freedom in defining the finite part. Depending on the situation, it might prove convenient to subtract more than just the BDS-like amplitude. For example, in the collinear limit it is natural to work with the non-cyclic-invariant object W 6 . Another instance is provided by the so-called cosmic normalization for E introduced in the hexagon function bootstrap,
with ρ = ρ(g 2 ) a function of the coupling constant. This function was determined iteratively in [13, 33] by demanding that the spaces of functions in which the perturbative amplitudes live obey a coaction principle associated to a cosmic Galois group [48] [49] [50] . The implementation of this requirement fixes ρ order by order in perturbation theory, ln ρ = 8ζ 2 3 g 6 − 160ζ 3 ζ 5 g 8 + 16(−2ζ 4 ζ 2 3 + 57ζ 2 5 + 105ζ 3 ζ 7 )g 10 + . . . ,
and two more loops can be found in ref. [13] . Strictly speaking, ln ρ is fixed up to addition of pure even zeta values, which are trivial under the coaction, and in eq. (37) all pure even zeta values ζ(2L) have been set to zero.
On the way to the origin, we observed a striking resemblance between ρ and the normalization factor N in eq. (20) . To be precise, one has through at least seven loops ln ρ − ln N = pure even zeta values.
It is tempting to believe that eq. (38) holds true to all orders in perturbation theory. It strongly suggests that the most natural normalization for the amplitude is simply to set ρ = N . This ρ value shifts C 0 in eq. (28) to C 0 = −D(π/3) − 1 2 D(0), removing all α = π/4 contributions from ln E cosmic .
VII. CONCLUSION AND OUTLOOK
We reported exact expressions for the anomalous dimensions and constant controlling the six-gluon MHV amplitude at the origin of the kinematical space. Our proposals rely on study of the weak coupling series on the field theory side and an extrapolation based on the pentagon OPE formulae. We evaluated our exact expressions to high orders in perturbation theory, numerically at finite coupling, as well as a few orders at strong coupling. The leading strong-coupling behavior was verified to agree with the string theory minimal surface analysis, plus a constant from the sphere determinant.
The main implication of our analysis is that the hexagon amplitude can be determined exactly at the origin, using the same ingredients needed for the cusp anomalous dimension. It raises the hope that similar simplifications and extrapolations might be found for higher polygonal Wilson loops, and for non-MHV amplitudes.
We also observed an intriguing connection with the anomalous dimension which controls the light-like limit of the correlator of four half-BPS operators dubbed the octagon [27, 28, 31] . It is reminiscent of the general correspondence between light-like correlators and null polygonal Wilson loops [51] . It is not quite same, however, since the Wilson loop studied here carries no R charge, while the octagon is full of it. It might be hinting at a connection between integrable descriptions based on the polygonalization of correlators [52] [53] [54] and amplitudes [19] .
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Appendix A: Conjectures for the moments
We present here our all-order conjectures for the moments entering the secretly Gaussian integral (19) . From the observed Gaussian behavior (24) , the logarithm of the Wilson loop at the origin is characterized by a quadratic form and a vacuum expectation value Q ,
where δM mn ij = 2 Q m i Q n j is a ϕ-independent shift of the quadratic form, and with
Equation (A1) is applicable to σ = τ = 0, which gives us access to a linear combination of Γ oct and Γ hex . The general case requires taking into account the small modifications described around eq. (22) . Now, we observed empirically, through four loops, that all moments can be expressed in terms of the building blocks of the BES kernel given in eq. (25) . More precisely, we found that δM is diagonal in the upper indices, with δM ++ · Q = 1 2
and similarly for δM −− after permuting lines, columns and subscripts • ↔ •. We also observed that As a cross check of our conjectures, we verified, after reinstating the three cross ratios using (22) , that the final prediction for E is permutation symmetric and can be cast into the form (3). This step requires some elementary algebra for block matrices, see e.g. ref. [55] . Lastly, similar algebra can be used to simplify the expressions and derive the concise formulae (27) and (28) .
Appendix B: Strong coupling analysis
In this appendix we examine the strong coupling regime √ λ = 4πg → ∞. This regime is harder to address than weak coupling because the rank of the matrix K(α) scales like g, and thus the matrix truly is infinite dimensional at large g. Nonetheless, the problem can be solved by going to an alternative representation [44, [56] [57] [58] . Define the infinite vector
(B1) (Note that it has no upper index, unlike the vectors introduced in the main text.) Then the inversion problem is equivalent to calculating the function
The latter is an entire function in both s and t, with Fourier transform in each variable supported on the interval (−1, 1). One then notices that the problem can be cast into the form of a Riemann-Hilbert equation,
with u ∈ (−1, 1) and where
The nice thing about this formulation is that the coupling constant g only enters in the transformation (B4). It permits us to solve the problem by first obtaining a general solution for Ω and then implementing the analyticity requirements on the solution. Once the solution is known, one reads off the anomalous dimension using
whereas, for computing the determinant D(α), one can rely on
and the exact relation (33) for the constant of integration D(0).
A general method for solving this type of problem was proposed in [56] [57] [58] for the case α = π/4 and for s = 0. It extends smoothly to a generic value of α and for s = 0.
To leading order at strong coupling, the solution is given by a particular solution to (B3) with Fourier transform supported on the interval (−1, 1) ,
where the ellipses stand for terms that are subleading at large g, for t, s = O(1), and where V 0,1 are special functions,
The latter can also be written in terms of hypergeometric functions, for r = 0, 1,
Plugging solution (B7) inside (B5) we get
whereas for the determinant it yields,
The numerical agreement between the strong coupling expansions for D(α) and a finite-coupling evaluation is excellent, as shown in fig. 3 . The constant C(α) is not determined by the particular solution alone and receives corrections from subleading terms in (B7). We fitted it for α = 0 to the values
which are close to the exact value for α = 0, given by C(0) = − 1 4 ln (2π) = −0.459. The subleading terms in (B7) are obtained by adding a homogeneous solution to the Riemann-Hilbert equation of the form [58] 
where f 0,1 are two meromorphic functions of t with simple poles at t = 4πmg with m ∈ Z. The latter functions are determined by their asymptotics at large t and the requirement that the full solution, which is the sum of the particular and the homogeneous solution, has zeros at t = 4g(α − π(m − 1 2 )), due to the numerator on the right-hand side of eq. (B4). The algorithm is explained in great detail in [58] for α = π/4 and s = 0. It works the same for generic α and s. For the determination of Γ α , one can specialize to s = 0. Skipping the intermediate steps, we simply quote here the end result for the first few terms in the expansion of Γ α . They read
with a = α/π and where s k are the coefficients in that is,
These formulae generalize to generic a the ones obtained for Γ cusp . When a = 0 the series truncates at one loop in agreement with the exact representation (7) . For a = 1/3 one obtains the formula (34) for the new anomalous dimension Γ hex .
We should add that in general, like for Γ cusp , the strong coupling series appears divergent and non-Borel summable [56] . It signals the need to include an additional expansion parameter Λ 2 , which is exponentially small at strong coupling, for fully determining the solution. (The resurgence property of this transseries was discussed in [59, 60] for the cusp anomalous dimension.) Following the analysis in [58] , we have found
for 0 a < 1/2. For a = 0 it agrees with the size of the exponentially small corrections in (7) . When a = 1/4, Λ was given a physical meaning and associated to the mass gap of the O(6) sigma model [58, 61] , which enters as the low-energy effective theory for the flux tube. Its physical significance for other values of a is mysterious.
Appendix C: Minimal surface analysis
Our findings can be compared with the string theory analysis at strong coupling. According to the holographic dictionary, the vacuum expectation value of the Wilson loop is given by the open-string path integral for a string ending on the polygonal contour at the boundary of Antide-Sitter space (AdS) [62, 63] . The latter can be evaluated semi-classically at strong coupling,
with Γ cusp ≈ 2g the string tension [64] . Here the first term is minus the (renormalized) area of a minimal surface in AdS ending on the polygonal contour of the loop at the boundary of AdS [1, 35] . It is given by the Yang-Yang functional of an associated system of thermodynamic Bethe ansatz (TBA) equations [18, 35] . The middle term results from the definition of E and the last term [46] is a shift coming from the determinant of the quantum fluctuations along the 5-sphere. Our predictions are easily checked along the diagonal u = u 1 = u 2 = u 3 . The TBA equations are exactly solvable in this case, and yield [35] (ln E)/Γ cusp = − 3 4π
at small u, up to power corrections. The coefficient of ln 2 u agrees perfectly with (3), using the g → ∞ limit of the exact formula (7) for Γ oct : Γ oct ≈ (2/π) × Γ cusp . The comparison for the constant requires eq. (B11) for the determinants entering C 0 , and it also works analytically. The third anomalous dimension Γ hex is associated to off-diagonal behavior. This regime is harder to probe, as the TBA equations can no longer be solved exactly. Nonetheless, following ref. [47] , we find that the equations simplify when ϕ, τ → ∞, keeping their ratio ϕ/τ fixed. Namely, they can be cast as a single linear integral equation describing a condensate of positive-helicity gluons. Setting σ = 0 for simplicity and using the TBA equations in the form given in Appendix F of ref. [18] , one finds
where f (θ) solves the equation
with K = sech θ and I = (ϕ− √ 2τ cosh θ) sech (2θ). Here f (θ) describes the rapidity distribution of gluons with mass-to-charge ratio √ 2. This function is positive on the support (−B, B) and the Fermi rapidity B is determined self-consistently by demanding that f (±B) = 0. Furthermore, ϕ/τ √ 2 for a real solution to exist. The near-diagonal limit corresponds to letting B → ∞. Setting B = ∞, the solution is found immediately by going to a Fourier space,f (s) ≡´∞ −∞ dθ 2π f (θ) cos (sθ):
withÎ(s) = 1 4 sech ( πs 4 ) ϕ − τ − τ sech ( πs 2 ) andK(s) = 1 2 sech ( πs 2 ) the Fourier transforms of the source term and kernel, respectively. Pluggingf (s) into (C1) and (C3) yields, for σ = 0,
with the strong coupling values
in perfect agreement with the integrability prediction (B10). Lastly, we should stress that this matching comes with a caveat. It traces back to the fact that the assumption that B = ∞ is valid on the diagonal (ϕ = 3τ ) but not away from it. This is verified by mapping (C5) to θ-space and noticing that f (θ) turns negative at B ∼ 3 4 ln ( 2ϕ 3τ −ϕ ), which is large for 3τ − ϕ ∼ 0 but not infinite. As a result, the strong-coupling formula (C6) only holds up to corrections arising from the finiteness of B. For consistency, it must be that the finite-B corrections correspond to terms that we discarded in the finite-coupling analysis, because they were power suppressed in the cross ratios (at finite coupling). On the other hand, the finite-B corrections to the minimal surface area cannot be power suppressed, since they must take the form ϕ 2 F ( 3τ −ϕ ϕ ) for some F . This paradox hints at an order of limits issue, between the strong-coupling limit and the approach to the origin, away from the diagonal. It would be very interesting to study this phenomenon in more detail and determine the form of the function F , using more powerful techniques like the one developed in [47] .
